Let K be the quotient field of a complete local domain of dimension 2 with a separably closed residue field. Let G be a finite group of order not divisible by char(K). Then G is admissible over K if and only if its Sylow subgroups are abelian of rank at most 2.
Introduction
Complete local domains play an important role in commutative algebra and algebraic geometry, and their algebraic properties were already described in 1946 by Cohen's The second author was partially supported by the Israel Science Foundation (grant No. 343/07), and by an ERC grant. slightly different axiomatization from the "field patching" axiomatization of [HaH09] ).
The construction of these analytic fields is based on a mixture of ideas from formal geometry and rigid analytic geometry, which we develop ad-hoc here.
Analytic fields
In this section we establish our patching machinery. Fix an infinite field K, and let has a unique presentation as a polynomial in X −c j Y . Thus we have a natural valuation on this ring, given by v ′ ( d n=0 a n (X − c j Y ) n ) = min(n | a n = 0), and we may form the
of this ring with respect to v ′ .
Proof: By Lemma 1.4, v coincides with v ′ (given in the paragraph preceding this
with respect to v, and v coincides with v ′ on the completion.
, hence by the definition of D J we are done.
Proof: For each i = j ∈ J we have
The claim now follows by induction on |I|.
Proof: Replace J with J (J ∩ J ′ ) to assume that J ∩ J ′ = ∅. Moreover, without loss of generality J, J ′ are non-empty. Choose j ∈ J, j ′ ∈ J ′ and denote
with a m = 0. Then v(f ) = m by Proposition 1.5. By Lemma 1.6,
to prove that f 2 ∈ D J ′ and that v(f 2 ) ≥ m. This follows by the following equality:
The next lemma is a variant of [HaH10, Lemma 3.3], allowing non-principal ideals.
Let w be a discrete valuation on Quot(R 0 ) such that R is complete with respect to w and w(x) ≥ 0 for all x ∈ R 0 . Let p, p 1 , p 2 , p 0 be the centers of w in R, R 1 , R 2 , R 0 , respectively. Suppose that pR 0 = p 0 and
Proof: First, note that p 0 = p 1 + p 2 . Indeed, since R is Noetherian, p is generated by elements x 1 , . . . , x n ∈ R, hence p 0 = pR 0 is also generated by x 1 , . . . , x n . Suppose
and let q be the center of w at S. Then the sequence 0 → S → R 1 × R 2 → R 0 → 0 is exact (where the second map is the diagonal map and the third map is substraction). This sequence induces an exact sequence 0 → S/q → (R 1 /p 1 ) × (R 2 /p 2 ) → R 0 /p 0 → 0. Indeed, the only non-trivial part in showing this is to check that the kernel of the substraction map is contained in the image of the diagonal map. Suppose (
Since p 0 = p 1 + p 2 we may choose y 1 ∈ p 1 , y 2 ∈ p 2 such that x 1 − y 1 = x 2 − y 2 . Then (x 1 + p 1 , x 2 + p 2 ) = (x 1 − y 1 + p 1 , x 2 − y 2 + p 2 ) belongs to the image of the diagonal map. Thus the sequence is exact.
On the other hand, by our assumptions the sequence 0 → R/p → (R 1 /p 1 ) × (R 2 /p 2 ) → R 0 /p 0 → 0 is also exact. Hence the natural map R/p → S/q is an isomorphism. In particular, S = R + pS. By induction we have S = R + p k S for each k ∈ N.
Thus R is w-dense in S, hence the completion of R with respect to w contains S. But by our assumptions, R is complete, hence R = S.
Lemma 1.9: Suppose a 0 + i∈I d i n=1 a i,n z n i = 0, where d i ∈ N and a 0 , a i,n ∈ K for each i, n. Then a 0 = a i,n = 0 for each i, n.
Proof: Suppose there exists i ∈ I, n ∈ N such that a i,n = 0. Without loss of generality,
, it defines a discrete valuation on K(X, Y ), which we denote by w. We have w(Y ) = w(Y − c j X) = 0 for each
For the converse inclusion, we distinguish between two cases. First suppose that J ∩ J ′ = ∅, and fix
The ring R is complete with respect to v, and
respectively. Then p is generated by X, Y and p 0 is generated by X − c j Y for any j ∈ J, by Proposition 1.5. It follows that pR 0 = p 0 . In order to apply Lemma 1.8, it remains
By Lemma 1.9, we are done.
The rings D J , J ⊆ I, that we have defined in an algebraic manner, have a natural rigid-geometric interpretation:
, and let v t be the t-adic valuation on F . Then for an element
. Then s is a free variable over F , and note that z j = 1 s−c j and
of A is the ring of holomorphic functions on the affinoid U = P ( l∈J B(c l )), where P is the projective s-line and B(c l ) is a disc of radius 1 with center c l for each l ∈ J (cf.
where f 0 ∈ F and {f ln } ∞ n=1 is a null sequence in F (with respect to v t ) for each l ∈ J. Thus, D J is the ring of holomorphic functions on U having no pole at t. Its elements are of the form (1), where the coefficients are now in T (and {f kn } ∞ n=1 is a null sequence for each k ∈ J). In particular,
Note that the interpretation given in Remark 1.11 is dependent on the change of
to use this presentation to study the way D J and D J ′ fit together in D I (in order to do that, as in Proposition 1.10, we needed to view these rings as completions at the common valuation v). However, this interpretation is useful to study inner properties of the rings D J , and consequently, of the rings Q i . Most notably, these rings are fields.
(c) The ring Q j is a field.
Proof: In the notation of Remark 1.11 
. Taking a common denominator we may assume that q j is independent of j, and denote q = q j (for all j ∈ J). It suffices to prove that 
Proof: Denote by |·| the absolute value on Q that corresponds to v. 
is a dense subring of A, and by Corollary 1.12(b) there exists h ∈ A 0
Hence ||ba|| = 1, so each entry in ba has a non-negative value at v. By Remark 1.11, v coincides with the t-adic valuation on A, hence all the entries of ba belong to A. Thus ba ∈ M n (A), and since ||1 − ba|| < 1 and M n (A) is complete, ba ∈ GL n (A). In particular, det(a) = 0 and hence
] is a unique factorization domain. 
since L/K is unramified at v, we may multiply x by a power of a uniformizer of v in
an arbitrary element. We have α σ = ζα, where ζ is some q-th root of unity. Then
Recall that given a field K, any K-central simple algebra A is of the form M n (D) Proposition 1.17: Fix i ∈ I, and let H be an abelian p-group of rank at most 2, where p = char(K). Suppose K contains an |H|-th primitive root of unity. Let E ′ be a finite extension of E. Then there exists an H-Galois extension F i /E such that:
remains a division algebra (where E ′ Q i is the compositum of E ′ and Q i in the algebraic closure of Q).
Proof: Write H = C q × C ′ q , where q, q ′ are powers of p. For each k ∈ N, the elements 
By the ring version of Hensel's Lemma (for the ideal
Since K contains a primitive |H|-th root of unity, it contains a primitive q-th root of unity. By Kummer theory E(s)/E is a Galois extension with group C q . Similarly,
, and E(s ′ )/E is Galois with group C q ′ . Let 
2 we only need to show 
Note that
Only finitely many primes of the unique factorization domain D I {i} [t −1 ] (Lemma 1.15(b)) are ramified at the finite extension E ′ Q i /Q i , hence without loss of generality, we may assume that E ′ Q i /Q i is unramified at v r ′ (by possibly choosing an even larger k before hand). On the other hand,
We can now show that D
for this to hold is that exp(D
This happens if and only if for every
. The splitting of the latter cyclic algebra is
Patching and admissibility
We have established the patching machinery needed to prove our main theorem (Theorem 2.8). We first recall some general properties of induced algebras and Frobenius algebras.
Remark 2.1: Induced Algebras. Let G be a finite group and H ≤ G. Let P/Q be a finite field extension with H = Gal(P/Q). Let N = Ind G H P = θ∈G a θ θ | a θ ∈ P, a τ θ = a θτ for all θ ∈ G, τ ∈ H be a ring with respect to point-wise addition and multiplication. Then P can be embedded as a subring of N by choosing representatives
by choosing different representatives N can be presented as a direct some of copies of P . If P splits a central simple Q-algebra A then Ind
which is a split separable (Azumaya) algebra over Ind G H P (for a definition of a split separable algebra over a ring see [DI71, §5] ).
The following definition, remark and proposition will be useful in the sequel and all appear in [Jac96, Section 2.1].
Definition 2.2: Frobenius algebras. Let F be a field. An F -algebra A is a Frobenius algebra if A contains a hyperplane H that contains no non-zero one sided ideals of A. Proof: By Cohen's structure theorem [Mat86, §29] , R is finitely generated over a subring of the form
C is a finite extension of the residue field of B. In particular, the residue field of B is infinite, disqualifying the option
, and C is the separable closure of K.
We claim that R contains C. To prove this, it suffices to show that every separable
has a root in R. Indeed, since C is separably closed, q(Z) has a root ζ ∈ C, and q ′ (ζ) = 0. Let m be the maximal ideal of R, and denote the reduction modulo m by·. Take a ∈ R such thatā = ζ. Then a / ∈ m, hence a ∈ R × . Thus q(a) ∈ m and q ′ (ā) = q ′ (ζ) = 0, hence q ′ (a) ∈ R m = R × . By Hensel's Lemma, q(Z) has a root in R.
is contained in R, and
The final ingredient we need in order to prove our main theorem is patching of central simple algebras. The content of the following proposition is essentially given in [HHHK10], but for specific fields Q i , while here we present it for general fields sat- (where the assertion is made for specific types of fields).
Proposition 2.6: Let I be a finite set. For each i ∈ I let Q i be a field contained in a Q i -algebra A i . Let Q be a field containing Q i for each i ∈ I, and contained in a Q-algebra A Q which contains A i for each i ∈ I. Moreover, suppose that A i Q = A Q and
Finally, suppose that:
for each i ∈ I. Moreover, if each A i is central simple, then so is A.
Proof: For each i ∈ I, let C i be a basis for A i over Q i . Since
A Q , and since dim Q i A i = dim Q A Q , C i is a basis for A Q over Q, for each i ∈ I. We now construct a basis C for A Q over Q, which is also a basis for A i over Q i , for all i ∈ I.
For each subset J of I, we find by induction on |J|, a basis V J for A Q over Q which is also a basis for A j over Q j , for each j ∈ J. Then for I = J we will get the basis C.
If J = ∅ there is nothing to prove. Suppose that |J| ≥ 1, choose k ∈ J and let J ′ = J {k}. By assumption there is a basis V J for A Q over Q which is a basis for A i over Q i for each i ∈ J ′ . Since C i is a common basis for A Q and A i , there is a matrix B ∈ GL n (Q) such that C k B = V J ′ . By (2), there exist B k ∈ GL n (Q k ) and
Then V J is a basis for A Q over Q which is also a basis for A j over Q j for each j ∈ J ′ .
Moreover, V J is also a basis for
The existence of the common basis C implies that AQ i = A i for each i ∈ I. Now suppose that A i is central simple for each i ∈ I. Note that E is contained in the center of A, Z(A)Q i is contained in the center of A i and hence dim E Z(A) ≤ dim Q i (Z(A)Q i ) = 1 which shows that Z(A) = E. Thus A is central over E. Similar dimension reasoning
shows that a non-trivial ideal I of A extends to a non-trivial ideal of AQ i = A i . Thus
A is also simple.
Proposition 2.7: Let R be a complete local domain of dimension 2, with a separably closed residue field. Let G be a finite group of order not divisible by char(K), whose Sylow subgroups are abelian of rank at most 2. Then G is admissible over Quot(R).
Proof: By Lemma 2.5, R is a finite module over a subring of the form
where K is separably closed. Denote E = Quot(B) = K((X, Y )), E ′ = Quot(R). Then E ′ is a finite extension of E.
Construction A: A patching data. Let (p i ) i∈I be the prime factors of n = |G|, for some index set I. For each i ∈ I, let G i be a p i -Sylow subgroup of G. Apply Construction 1.1 to obtain rings Q i , i ∈ I, contained in the common field Q. Since K is separably closed, it contains all roots of unity of order not divisible by p = char(K).
Thus for each i ∈ I, we may apply Proposition 1.17 to obtain a Galois extension
is also a division algebra. By Corollary 1.12(c), Q i is a field for each i ∈ I. Part B: Induced Algebras [HaJ98, §1] . Consider the induced algebra N = Ind G 1 Q of dimension n over Q, and the Q i -subalgebra N i = Ind
The field Q is embedded diagonally in N , which induces an embedding of Q i in N i , for each i ∈ I. We view these embeddings as containments. By [HaJ98, Lemma 1.2] there is a basis for N over Q, which is also a basis for N i over Q i , for each i ∈ I. In particular,
we have N i Q = N for each i ∈ I. By [Ha98, Lemma 1.3] F = i∈I N i is a Galois field extension of E with group G, and there exists an E-embedding of F into Q. Denote the image of F under this embedding by F ′ .
Part C: Division algebras. It remains to prove that the extension F ′ /E is adequate.
Let A Q = M n (Q), and for each i ∈ I let n i = [G :
and N is of dimension n over Q, we also have an embedding of N into A Q . We view N as a subalgebra of A Q via this embedding. 
We view N i as contained in A i via this embedding.
Since P i splits D i , we have
Thus we have A i n n n n n n n n n n n
Let A = i∈I A i . By Proposition 2.6, A is a central simple E-algebra for which It follows that F is a maximal subfield of the division algebra A.
By choosing a basis for A/F and considering the corresponding structure constants one can form an E-division algebra A ′ which is E-isomorphic to A such that F ′ is a for all i ∈ I. It follows that n = lcm i∈I ( n n i )|ind(A ′ ⊗ E E ′ ). Hence n = ind(A ′ ⊗ E ′ ), which shows that A ′ ⊗ E E ′ is a division algebra.
As a corollary, we get our main theorem.
Theorem 2.8: Let R be a complete local domain of dimension 2, with a separably closed residue field. Let E = Quot(R) and let G be a finite group of order not divisible by char(E). Then G is E-admissible if and only if all the Sylow subgroups of G are abelian of rank at most 2.
Proof: By Proposition 2.7, if the Sylow subgroups of G are abelian of rank at most 2 then G is E-admissible. For the converse, assume G is E-admissible. For a prime v of E, let ram v denote the ramification map ram v : Br(E) → H 1 (G E v , Q/Z) (see [Sal99] ).
Following [HHK10] , we say that an α ∈ Br(E) is determined by ramification with respect to a set of primes Ω if there is a prime v ∈ Ω for which exp(α) = exp(ram v (α)). Let D
be an E-division algebra with maximal subfield L that has Galois group G = Gal(L/E). subfield of an E-division algebra is also a maximal subfield of some E-division algebra.
